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Abstract
We discuss the formulation of cosmological topologically massive (sim-
ple) supergravity theory in three-dimensional Riemann-Cartan space-
times. We use the language of exterior differential forms and the prop-
erties of Majorana spinors on 3-dimensional space-times to explicitly
demonstrate the local supersymmetry of the action density involved.
Coupled field equations that are complete in both of their bosonic
and fermionic sectors are derived by a first order variational principle
subject to a torsion-constraint imposed by the method of Lagrange
multipliers. We compare these field equations with the partial results
given in the literature using a second order variational formalism.
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1 Introduction
Three dimensional field theories often provide useful and interesting toy
models to work with. In three dimensions,it is possible to couple the Chern-
Simons densities, without breaking gauge invariance, to the usual action
densities (Yang-Mills, general relativity, etc.[1, 2]), so that field theories with
propagating massive degrees of freedom may be written down. An impor-
tant set of examples to such theories are provided by the three dimensional
massive gravity theories. The variational field equations of these theories
are derived by augmenting the Einstein-Hilbert action (possibly coupled to
other terms as well) by a Lorentzian Chern-Simons term. Some examples
of massive gravity theories are studied in references [1]-[8]. The presence
of Chern-Simons term helps generate a propagating massive spin-2 field for
the otherwise dynamically trivial Einstein’s theory [3]. In turn these the-
ories are studied to gain insight for the quantization of gravitational theories.
In this paper we will be focusing our attention to locally supersymmet-
ric generalization of the topologically massive gravity theory [1, 2]. The
cosmological topologically massive gravity is determined by an action that
contains the standard Einstein-Hilbert term, plus a cosmological constant
and the gravitational Chern-Simons term. Despite having third order field
equations in metric components, the theory turns out to be ghost-free and
implies causal propagation and has been extensively studied in the litera-
ture. It has a viable quantum description for the wrong sign of the Einstein-
Hilbert term [9]. It admits the celebrated BTZ black-hole solution [10, 11]
that is asymptotically AdS3. A formulation using a first order constrained
variational formalism in Riemann-Cartan spaces in the language of exterior
differential forms has been described by us before [7, 8, 12].
The supersymmetric generalisation of TMG without or with a cosmologi-
cal constant has been formulated for the first time in references [16] and
[17], respectively. These theories are obtained by extending the bosonic ac-
tion of the TMG theory via adding appropriate fermionic densities. Both
of these models are minimally extended supersymmetric theories, that is,
the fermionic terms are expressed in terms of only a single gravitino field
in the theory.1 We would like to point out that these theories as they are
were described within a second order formalism. That is, the connection
1For supersymmetric Chern-Simons theories with extended supersymmetry algebras
look at [24].
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coefficients were assumed to be fixed in terms of the dreibein and gravitino
fields and not treated as independent variables. Considerable amount of
work followed these initial papers using a second order formalism to deal
with a Hamiltonian formulation and for obtaining the most general super-
symmetric solutions. Further references can be found in [18]-[23].
The main purpose of the present paper is to formulate the cosmological
topologically massive simple supergravity theory using a first order torsion-
constrained variational principle on Riemann-Cartan space-times. Riemann-
Cartan space-times are geometries with a metric-compatible connection with
dynamical torsion in general, in addition to the usual Riemann curvature.
These geometries proved to be natural to formulate supergravity theories2.
Here we will treat the connection fields as independent variables on the
same footing as the co-frame and gravitino fields. We are going to constrain
the space-time torsion to its familiar expression in simple supergravity the-
ory by using Lagrange multipliers which are introduced as new independent
variables. Since the local supersymmetry transformations of the connection
1-forms are determined with the torsion tensor fixed from the variation of
the Lagrange multipliers themselves, an explicit supersymmetry transforma-
tion law for Lagrange multiplier 1-forms is redundant. We will demonstrate
the local supersymmetry of the proposed action and explicitly derive the
complete set of variational field equations.
The organization of the paper is as follows. In the second section, we provide
mathematical preliminaries that set our conventions and fix the notation for
the description of the geometry of our three dimensional Riemann-Cartan
space-times and the Majorana spinors that we are going to use. In the
third section we briefly discuss firstly the cosmological supergravity theory.
Next building up on this example, we discuss the cosmological topologically
massive supergravity theory. The proof of the local supersymmetry of the
actions are given in explicit detail. Then we consistently derive the varia-
tional field equations that haven’t been obtained before in their complete
form. In the final section we finish with a discussion and some concluding
remarks.
2 Simple supergravity theory in (2+1)-dimensions provides a good example for this
fact. Its field equations can be given by geometries which have non-vanishing torsion with
vanishing total curvature[14].
2
2 Mathematical Preliminaries
2.1 Riemann-Cartan Space-times
A 3-dimensional Riemann-Cartan space-time is determined by the triplet
{M,g,∇} whereM is a smooth 3-manifold, modeled on a Lorentzian vector
space (R1,2, η), equipped with a non-degenerate Lorentzian metric g and a
linear connection ∇ that is compatible with the metric, ∇g = 0. The metric
on M is related to the Lorentzian metric of the model space as
g(Xa,Xb) = ηab = diag(−,+,+). (2.1)
Here {Xa} denotes a set of g-orthonormal frames on M which are dual
to the co-frame 1-forms {ea} by the canonical pairing eb(Xa) = ιae
b = ηba.
ιa : Λ
p(M)→ Λp−1(M)3 denotes the interior product operation with respect
to a frame vector Xa. We will use a shorthand ιab... = ιXaιXb . . . that is
totally skew-symmetric in its indices. The orientation of M is fixed by the
volume 3-form ∗1 = e0 ∧ e1 ∧ e2 where ∗ : Λp(M)→ Λ3−p(M) is the Hodge
duality operator. The linear connection ∇ on M takes values in the Lorentz
algebra and may be expressed in terms of a set of totally anti-symmetric
connection 1-forms {ωab} such that
∇XaXb = ω
c
a(Xb)Xc. (2.2)
The torsion 2-forms and the curvature 2-forms of the connection are defined
through the first and second Cartan structure equations given by
dea + ωab ∧ e
b = T a, (2.3)
and
dωab + ω
a
c ∧ ω
c
b = R
a
b, (2.4)
respectively. We note that the connection 1-forms may be decomposed
uniquely into two parts according to
ωab = ωˆ
a
b +K
a
b, (2.5)
where {ωˆab} denotes the set of torsion-free Levi-Civita connection 1-forms
that satisfy
dea + ωˆab ∧ e
b = 0, (2.6)
3Λ(M) =
⊕
3
i=0
Λp(M) stands for the exterior algebra over M .
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and {Kab} is the set of contortion 1-forms such that
Kab ∧ e
b = T a. (2.7)
The Bianchi identities
DT a = Rab ∧ e
b , DRab = 0. (2.8)
are derived as integrability conditions from the Cartan structure equations.
In the formulas above, d : Λp(M) → Λp+1(M) and D : Λp(M) → Λp+1(M)
denote the exterior derivative and covariant exterior derivative with respect
to connection 1-forms {ωab}, respectively. We also present the contracted
version of the first Bianchi identity (2.8) because it will be relevant for our
calculations later:
2(ιdcRab − ιbaRcd) = ιbdc(DTa) + ιabd(DTc) + ιacd(DTb) + ιacb(DTd). (2.9)
The contracted Bianchi identity (2.9) shows us that in the presence of tor-
sion, the two-two symmetry of the components of the Riemann curvature
tensor fails in general.
The Ricci 1-forms {Rica} and the curvature scalar R are obtained by the
following contractions of the curvature 2-forms:
Rica = ιbR
b
a, R = ι
aRica. (2.10)
Finally the Einstein 2-forms {Ga} are defined in terms of the Ricci 1-forms
and the curvature scalar as
Ga = Gab ∗ e
b = ∗
(
Rica −
1
2
Rea
)
= −
1
2
ǫabcR
bc. (2.11)
The last equality above shows that the Einstein 2-forms are directly pro-
portional to the curvature 2-forms and vice versa. This property holds true
only in 3-dimensions.
Before we move on to describe the spinors that we will work with, we are
going to give some identities regarding the exterior algebra that will be
helpful in the following sections:
ιaξ = (−1)
p ∗ (ea ∧ ∗ξ), ξ ∈ Λ
p(M) (2.12)
ǫabcǫklm = −η
a
k(η
b
l η
c
m − η
c
l η
b
m) + η
a
l (η
b
kη
c
m − η
b
mη
c
k)− η
a
m(η
b
kη
c
l − η
c
l η
b
k)
(2.13)
ea ∧ ∗ekl = −η
a
k ∗ el + η
a
l ∗ ek (2.14)
ǫabc ∗ ekl = −2η
ab
[kl]e
c + 2ηac[kl]e
b − 2ηbc[kl]e
a (2.15)
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where ǫabc = ∗eabc denotes the totally anti-symmetric Levi-Civita symbol
with the choice ǫ012 = 1 and square bracket around some indices means the
normalized total anti-symmetrization of those indices.
2.2 Majorana Spinors
The spinor fields onM are related to the spinors on the model space (R1,2, η)
whose Clifford algebra is denoted by Cl(1, 2). We are going to use a real
realization generated by the Pauli matrices given by
γ0 =
(
0 1
−1 0
)
, γ1 =
(
0 1
1 0
)
, γ2 =
(
1 0
0 −1
)
. (2.16)
These generators satisfy the Clifford product rule
γaγb = ηabI + ǫabcγ
c (2.17)
so that
{γa, γb} = 2ηabI, [γa, γb] = 2ǫabcγ
c. (2.18)
The Clifford algebra Cl(1, 2) can be spanned by a basis {I, γa, 2σab, γ5}
where I is the 2×2 identity operator, {σab} and γ5 are the Lorentz generators
and the volume element, given explicitly by
σab =
1
4
[γa, γb] =
1
2
ǫabcγ
c, γ5 = γ0γ1γ2 = I, (2.19)
respectively. The following identities are satisfied by the generators of the
Clifford algebra:
2γaσbc = ηabγc − ηacγb + ǫabcI, (2.20)
2σabγc = −ηacγb + ηbcγa + ǫabcI, (2.21)
[σab, σcd] = −ηacσbd + ηadσbc + ηbcσad − ηbdσac. (2.22)
Furthermore the following summation identities are also satisfied:
γaγa = 3, γ
aγbγa = −γb, γ
aγbγcγa = 3ηbc − 2σbc, γ
aσbcγa = −σbc,
γaσab = γb, 2σ
abσab = −3, 2σ
abγcσab = γc. (2.23)
Since the rank-2 and rank-3 elements of the Clifford basis are linearly de-
pendent on the rank-0 and rank-1 elements, we use the basis {γA} = {I, γa}.
The spin group of our model space, Spin(1, 2) ∼= SL(2,R) is the double
cover of the local Lorentz group SO(1, 2). Spin(1, 2) is generated by the
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elements {I, 2σab} of the even Clifford subalgebra Cl0(1, 2) and the spinors
carry its irreducible representations. In our case the representation space
will be R2, however, components of the spinors should be odd-Grasmann
valued. That is, given ψ = (ψ1, ψ2)
T ∈ R2, both components are nilpotent
and they anti-commute:
ψ21 = 0 = ψ
2
2 , ψ1ψ2 = −ψ2ψ1. (2.24)
An adjoint spinor is defined as an element of the dual space of the spinor
space. The map between the representation space R2 and its dual space
(R2)∗ is given by an anti-symmetric operator
C : R2 → (R2)∗
ψ 7→ ψ¯ = ψTC (2.25)
called the charge conjugation operator. In the Majorana realization that we
use,
C = γ0 =
(
0 −1
1 0
)
(2.26)
which satisfies C−1 = CT = −C and C2 = −I. The inverse map acts on the
conjugate spinors from the left and defines charge conjugated spinors
C−1 : (R2)∗ → R2
ψ¯ 7→ ψC = C(ψ¯)
T . (2.27)
Note that C−1C = id as expected. Because we are using real Clifford gener-
ators, our spinors are self-charge conjugate, ψC = ψ. That is to say, all our
spinors will be odd-Grassmann valued Majorana (real) spinors.
Furthermore we note that under the action of the charge conjugation oper-
ator, the Clifford basis elements {γA} are transposed:
CγAC
−1 = −γA
T . (2.28)
Another useful way to think about the charge conjugation matrix is to con-
sider it as a metric on space of the spinors. Using this property, we may pair
spinors to obtain objects which have tensorial behavior under local Lorentz
transformations. In fact, in 3-dimensions there are only two spinor bi-linears
that one may write:
ψ¯φ , ψ¯γaφ. (2.29)
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The first bi-linear is a pseudoscalar and the second one is a Lorentz vector.
The other bi-linears ψ¯σabφ and ψ¯γ5φ may be expressed in terms of the above
ones. Any two arbitrary spinors ψ and φ satisfy the Majorana flip identities,
given by
ψ¯φ = φ¯ψ , ψ¯γaφ = −φ¯γaψ. (2.30)
The complex conjugation operation is an anti-linear anti-involution acting
on the Clifford algebra. Consequently, the spinor bi-linears in (2.30) are pure
imaginary. In order to obtain real quantities instead, we have to introduce
a factor of complex unit i into these expressions. Therefore
i(ψ¯φ) ∈ R , i(ψ¯γaφ) ∈ R
1,2. (2.31)
Considering the product of three or more spinors, the order of the products
may be arranged according to the Fierz rearrangement formula. Suppose U
and V are real valued 2× 2 matrices and α, β, φ, ψ are arbitrary Majorana
2-spinors. Then
(α¯Uβ)(φ¯V ψ) = −
1
2
∑
A=1,a
(α¯UγAV ψ)(φ¯γAβ). (2.32)
When considering spinor fields onM , we consider sections of the spin bundle
on M which takes values in our spinor space and is acted upon by the spin
group SL(2,R) fibrewise. We define the spin covariant exterior derivative
operation that acts on a Majorana spinor valued p-form section, for instance
the gravitino 1-form over the Riemann-Cartan space-time as:
Dχ = dχ+
1
2
ωabσab ∧ χ (2.33)
where {ωab} is a set of metric compatible connection 1-forms on M and χ
is a section of Majorana spinor valued 1-forms. The Ricci’s identity takes
the following form on the spinor valued differential form fields:
D2χ =
1
2
Rabσab ∧ χ (2.34)
where {Rab} are the curvature 2-forms on M .
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3 Supergravity Theories in 3-Dimensions
3.1 Cosmological Supergravity
The action for cosmological supergravity theory [14, 15]
S[ea, ωab, χ] =
∫
M
LCSG (3.1)
is going to be varied in a first order variational formulation with respect
to the co-frames {ea}, connection 1-forms {ωab} and the Majorana spinor
valued 1-form gravitino field χ taken as independent field variables. The
Lagrangian density 3-form LCSG = LSG+LC can be decomposed in terms of
the action densities for the simple supergravity and the cosmological sectors
given by
LSG = −
1
2
Rab ∧ ∗eab −
i
2
χ¯ ∧Dχ, (3.2)
and
LC = Λ ∗ 1−
im
4
χ¯ ∧ γ ∧ χ, (3.3)
respectively. Here we set the gravitational constant κ = 1, Λ is a cosmo-
logical constant and m is a mass parameter. The fermionic part of the
supergravity and cosmological sectors are the kinetic and non-topological
mass terms for the Rarita-Schwinger (gravitino) field. The gravitino field χ
and its field strength Dχ are Majorana spinor valued 1- and 2-form fields,
respectively:
χ = (ιaχ)e
a = χae
a, Dχ =
1
2
(ιbaDχ)e
ab = (Dχ)[ab]e
ab. (3.4)
Furthermore we introduced a gamma matrix valued 1-form γ = γae
a to
write down the mass term for the gravitino field. The cosmological constant
and the ”mass” of the gravitino field shall be related below via Λ = −m2
for local supersymmetry.
Then the total variation of the action reads (upto a closed form)
L˙ = e˙a ∧
{
−
1
2
ǫabcR
bc + i
m
4
χ¯ ∧ γaχ+Λ ∗ ea
}
+ ω˙ab ∧
{
−
1
2
ǫabc
(
T c −
i
4
χ¯ ∧ γcχ
)}
+ ˙¯χ ∧
{
− iDχ−
im
2
γ ∧ χ
}
.
(3.5)
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We determine from this expression the coupled field equations of the cos-
mological supergravity theory:
Ga + Λ ∗ ea + i
m
4
χ¯ ∧ γaχ = 0, (3.6)
Dχ+
m
2
γ ∧ χ = 0, (3.7)
T a =
i
4
χ¯ ∧ γaχ. (3.8)
The (infinitesimal) local supersymmetry transformations of the supergravity
multiplet are given as usual by:
e˙a = iα¯γaχ, χ˙ = 2Dα+mγα (3.9)
where the local supersymmetry parameter α = α(x) is an arbitrary odd-
Grassmann valued Majorana spinor. In order to determine the supersym-
metry transformation law for the connection field, we look at the variation
of the first Cartan structure equation (2.3) which yields
ω˙ab ∧ e
b = −iD(α¯γaχ) + T˙a =
im
2
α¯γγa ∧ χ− iα¯γaDχ =: Za. (3.10)
The final simplification follows from the field equations (3.8). The solution
to the system of equations (3.10) is obtained algebraically as
2ω˙ab = ιaZb − ιbZa − e
c(ιabZc). (3.11)
that explicitly yields
ω˙ab =
i
2
(
α¯γaιb(Dχ)− α¯γbιa(Dχ) + α¯γιab(Dχ)
)
−
im
2
(
ǫabc(α¯γ
cχ) + ea(α¯χb)− eb(α¯χa)
)
. (3.12)
Although this does not contribute to the transformation of the action density
on-shell, we give the transformation law (3.12) for the connection 1-forms
for completeness. This result will be relevant when we discuss cosmological
topologically massive supergravity theory in what follows.
We now prove the local supersymmetry of cosmological supergravity theory.
Let us first consider the contributions that are independent of m in the vari-
ations of the action density under our local supersymmetry transformations:
L˙SG(m = 0) = −
i
2
ǫabc(α¯γ
aχ) ∧Rbc − 2iDα¯ ∧Dχ. (3.13)
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This particular combination may be shown to add up to a closed form by
noting that:
−
i
2
ǫabc(α¯γ
aχ) ∧Rbc = −iα¯Rabσab ∧ χ, (3.14)
and
− 2iDα¯ ∧Dχ = iα¯Rabσab ∧ χ+ d(−2iα¯Dχ). (3.15)
The rest of the contributions (m 6= 0) are given by
iΛα¯ ∗ γ ∧ χ+
im2
2
α¯γ ∧ γ ∧ χ−
m
4
(α¯γaχ) ∧ (χ¯ ∧ γaχ)
− imDα¯ ∧ γ ∧ χ+ imα¯ ∧ γ ∧Dχ. (3.16)
The first two terms cancel each other out when we set Λ = −m2 and use
the identity γ ∧ γ = 2 ∗ γ. The last two terms on the other hand can be
combined to give
−imDα¯∧γ∧χ+imα¯∧γ∧Dχ = −d(imα¯γ∧χ)−
m
4
(α¯γaχ)∧(χ¯∧γaχ). (3.17)
When all the above contributions are put together, we are left with a closed
form plus a non-linear spinorial expression
−
m
2
(α¯γaχ) ∧ (χ¯ ∧ γaχ). (3.18)
It is not difficult to verify that (3.18) vanishes identically by performing a
Fierz rearrangement. However, some care is needed for signs during the
Fierz rearrangements because we are dealing with spinor valued differential
forms. One must first open up an expression in the co-frame basis, apply
the Fierz rearrangement formula to the components and then bring back in
the basis forms. The final outcome reads
−
m
2
(α¯γaχ) ∧ (χ¯ ∧ γaχ) = −
m
2
(α¯χ) ∧ (χ¯ ∧ χ) = 0. (3.19)
With this result, the local supersymmetry of the cosmological supergravity
action (3.1) is proven.
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3.2 Cosmological Topologically Massive Supergravity
The action functional of this theory is given by
S[ea, ωab, χ, λa] =
∫
M
LTotal (3.20)
that will be varied independently with respect to the co-frames {ea}, con-
nection 1-forms {ωab} and the gravitino 1-form χ as before. We further
introduce below Lagrange multipliers 1-forms {λa} that are also varied as
independent variables. Now our Lagrangian density 3-form decomposes ac-
cording to,
LTotal = LCS + LSG + LC + LConstraint (3.21)
where we added on to the cosmological supergravity action density (3.2) of
the previous section, the topological Chern-Simons density 3-form
LCS =
1
µ
(
ωab ∧ dω
b
a+
2
3
ωab ∧ ω
b
c ∧ ω
c
a
)
−
i
µ
(
Dχ¯ ∧ ∗Dχ+ ∗Dχ¯ ∧ γ ∧ ∗Dχ
)
.
(3.22)
Here µ is a new coupling constant. It should be noted that the fermionic
part of the Chern-Simons density (3.22) contains derivatives of order 2 of the
gravitino field. This is consistent with the fact that third order derivatives
of metric components appear in the usual bosonic part of Chern-Simons
density. Alternatively, the fermionic part of the Chern-Simons density 3-
form could have been expressed as
−
i
µ
(
2Dχ¯ ∧ ∗Dχ−Dχ¯ ∧ γ ∗ (γ ∧Dχ)
)
which seems more suitable for a Hamiltonian description. However, as far as
the variations of the action are concerned this form is considerably harder
to work with and we prefer to use our form of the topological action density.
We furthermore introduced a set of Lagrange multiplier 1-forms {λa} that
appear linearly in the constraint Lagrangian density
LConstraint =
(
T a −
i
4
χ¯ ∧ γaχ
)
∧ λa. (3.23)
Then independent variations of the action relative to the Lagrange multi-
pliers impose the constraint that the space-time torsion 2-forms are given
algebraically by (3.8) as in the previous section. The remaining variational
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field equations are to be solved subject to this Lagrangian constraint. In
Riemannian space-times, in a similar way, one may introduce a constraint
term of the form T a ∧ λa in the action whose variations with respect to the
multipliers set the space-time torsion to zero in a first order constrained vari-
ational formulation of gravitational theories. However, since we are working
with a supergravity theory we don’t want the torsion to vanish, but be equal
to the quadratic expression given by (3.8). As we are going to show later
on, the origin of the Cotton tensor which involves third derivatives of the
metric components in the Einstein field equations is due to this constraint
term. The torsion constraint furthermore ensures that the supersymmetry
transformation law (3.12) of the connection 1-forms remains as it is in the
previous section.
The variation of the total action with respect to the independent field vari-
ables turns out to be, modulo a closed form,
L˙Total = e˙a ∧
{
−
1
2
ǫabcR
bc −m2 ∗ ea + i
m
4
χ¯ ∧ γaχ
+
i
µ
(
ιaDχ¯ ∧ ∗Dχ−Dχ¯ιa ∗Dχ+ ∗Dχ¯ ∧ γa ∗Dχ
− 2ιa ∗Dχ¯γ ∧ ∗Dχ+ 2ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
)
+Dλa
}
+ ω˙ab ∧
{
−
1
2
ǫabc
(
T c −
i
4
χ¯ ∧ γcχ
)
−
2
µ
Rab −
1
2
(
λa ∧ eb − λb ∧ ea
)
+
i
2µ
ǫabc
(
χ¯ ∧ γc ∗Dχ+ χ¯ ∧ γc ∗ (γ ∧ ∗Dχ)
)}
+ ˙¯χ ∧
{
− iDχ− i
m
2
γ ∧ χ−
2i
µ
(
D ∗Dχ+D ∗ (γ ∧ ∗Dχ)
)
+
i
2
λa ∧ γ
aχ
}
+ λ˙a ∧
{
T a −
i
4
χ¯ ∧ γaχ
}
. (3.24)
We will first demonstrate the local supersymmetry of the action (3.20) under
the usual transformations of the co-frame, connection and gravitino fields
given by (3.9) and (3.12). The explicit supersymmetry transformations of
the Lagrange multiplier 1-forms λa are not necessary because transformation
of the connection is obtained using the torsion field. Therefore the last term
in (3.24) does not make any contribution to the variations on-shell.
Under local supersymmetry transformations (3.9) and (3.12), the variation
of the action density decomposes as follows:
L˙Total = L˙CS + L˙SG + L˙C + L˙Constraint, (3.25)
where the contribution L˙SG+ L˙C from the cosmological supergravity sector
is already shown to yield a closed form given by (3.15). We are left to deal
with contributions coming from the topological sector and the constraint
term. The contributions from the constraint term can be seen to produce
just a closed form by a straightforward computation:
L˙Constraint = i(α¯γ
aχ) ∧Dλa + iDα¯ ∧ λ
a ∧ γaχ− i
m
2
α¯γγa ∧ χ ∧ λa
−
i
2
(
α¯γaιb(Dχ)− α¯γbιa(Dχ) + α¯γιab(Dχ)
)
∧ λa ∧ eb
−
im
2
(
ǫabc(α¯γcχ) + e
a(α¯χb)− eb(α¯χa)
)
∧ eb ∧ λa
= iD(α¯λa) ∧ γaχ− iα¯λ
a ∧ γaDχ = id(λ
a ∧ α¯γaχ). (3.26)
We note that the result (3.26) does not depend on the explicit form of the
Lagrange multiplier 1-forms. We therefore must only check those contribu-
tions coming from the topological Chern-Simons density. In order to ease
the discussion, we are going to deal separately with terms obtained when
m = 0 and rest of the terms for m 6= 0.
Case: m = 0
The supersymmetry transformation of the Chern-Simons density gives
L˙CS(m = 0) = −
i
µ
(
2α¯γaιb(Dχ) + α¯γιab(Dχ)
)
∧Rab −
4i
µ
D2α¯ ∧
(
∗Dχ
+ ∗(γ ∧ ∗Dχ)
)
−
1
µ
(α¯γaχ) ∧
(
ιaDχ¯ ∧ ∗Dχ−Dχ¯ ∧ ιa ∗Dχ
+ ∗Dχ¯ ∧ γa ∗Dχ− 2ιa ∗Dχ¯γ ∧ ∗Dχ+ 2ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
)
−
1
2µ
(
2α¯γaιb(Dχ) + α¯γιab(Dχ)
)
∧
(
ǫabcχ¯γ
c ∧ ∗(Dχ+ γ ∧ ∗Dχ)
)
.
(3.27)
Showing that this unpromising expression vanishes in fact is laborious but
can be done by pursuing the following steps. First we start by manipu-
lating the third and fourth terms in (3.27) to cancel the first two terms
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which are proportional to the curvature 2-forms. Next we perform a Fierz
rearrangement once on the remaining terms to bring them into the form
of (α¯χ)(Dχ¯Dχ). Then we will be able to group terms into three distinct
generic types that do not mix with each other. Then we finally show that
each of these group of terms vanish on their own.
Let us start by manipulating the third term in (3.27):
−
4i
µ
D2α¯ ∧ ∗Dχ =
i
µ
ǫabc(α¯γ
c ∗Dχ) ∧Rab
=
i
2µ
(α¯γcιlkDχ)ǫabc ∗ e
kl ∧Rab
= −
i
µ
(α¯γιbaDχ) ∧R
ab +
2i
µ
(α¯γbιbaDχ)R
ac ∧ ec
= −
i
µ
(α¯γιbaDχ) ∧R
ab −
1
µ
(α¯γbιbaDχ) ∧ (Dχ¯ ∧ γ
aχ). (3.28)
Above, in the first equality we used the Ricci’s identity (2.34), in the second
line we opened the gravitino field in terms of the co-frame basis as in (3.4),
in the third line we used the co-frame identity (2.15) and in the final line
we used the first Bianchi identity (2.8) together with the torsion expression
(3.8). We note that the first term in the final equality in (3.28) cancels out
the second term in (3.27).
Now we manipulate the fourth term in (3.27):
−
4i
µ
D2α¯ ∧ ∗(γ ∧ ∗Dχ) =
i
µ
ǫabc(α¯γ
cγdιdDχ) ∧R
ab
=
i
µ
ǫabc(α¯ι
cDχ) ∧Rab −
2i
µ
(α¯γbιaDχ) ∧R
ab
= −
i
µ
(α¯Dχ) ∧ ǫabcι
aRbc −
2i
µ
(α¯γbιaDχ) ∧R
ab
=
1
µ
(α¯γbιaDχ) ∧ ∗ιa(Dχ¯ ∧ γ
aχ)−
2i
µ
(α¯γbιaDχ) ∧R
ab. (3.29)
Above, in the first equality we used Ricci’s identity (2.34), while in the
second line we used the Clifford product rule (2.18) together with the co-
frame identity (2.13). In the third line we distributed the interior product
operation in the first term and made use of the fact that a 4-form vanishes
identically. In the final equality we made use of the contracted Bianchi iden-
tity (2.9) to show ǫabcι
aRbc = 2 ∗ (ιaDT
a) and used the torsion expression
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(3.8). We note that the last term in (3.29) cancels the first term in the total
variation (3.27) and we have no terms remaining proportional to curvature
2-forms.4
The remaining terms can be brought into a generic form (α¯χ)(Dχ¯Dχ) by
applying the Fierz rearrangement formula (2.32). While doing such calcu-
lations, we make ample use of the co-frame identities (2.13)-(2.15). Finally
bringing everything back together, the relevant piece of the supersymme-
try transform of the topological Chern-Simons density will be put into the
following form:
L˙CS(m = 0) =
1
µ
{
(α¯γaχ) ∧
[
−
1
4
(ιaDχ¯ ∧ ∗Dχ)−
1
2
(Dχ¯ιa ∗Dχ)
]
−
1
4
(α¯γ ∧ χ) ∧ (ιaDχ¯ι
a ∗Dχ)−
1
4
∗ eab ∧ (α¯γaχ) ∧ (ι
cDχ¯ιcbDχ)
+ (α¯χ) ∧
[
Dχ¯ ∗ (γ ∧Dχ)−
1
4
ιaDχ¯ ∧ γι
a ∗Dχ
+
5
4
∗Dχ¯ ∧ ∗(γ ∧ ∗Dχ)
]
+
1
4
∗ eab ∧ (α¯χ) ∧ (ιcDχ¯γaιcbDχ)
+ (α¯γaχ) ∧
[
−
3
2
∗Dχ¯ ∧ γa ∗Dχ−
3
2
ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
+
9
4
ιa ∗Dχ¯γ ∧ ∗Dχ+
1
4
ιbDχ¯ ∧ γιbaDχ
]
+
1
4
(α¯γ ∧ χ) ∧
[
∗Dχ¯ ∗ (γ ∧Dχ) + ιaDχ¯γbιabDχ
]
+
1
4
∗ eab ∧ (α¯γaχ) ∧ (ιcDχ¯γbι
c ∗Dχ)
−
1
2
ǫabc(α¯γaχ) ∧ (ιbDχ¯ ∧ γc ∗Dχ)
}
. (3.30)
To show that the right hand side vanishes, we group the terms into three
generic types which read as follows:
1.
(
α¯γχ
)(
Dχ¯Dχ
)
(3.31)
2.
(
α¯χ
)(
Dχ¯γDχ
)
(3.32)
3.
(
α¯γχ
)(
Dχ¯γDχ
)
(3.33)
4By looking at these cancellations, we fixed the relative sign between the bosonic and
fermionic terms in Chern-Simons action density (3.22).
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Again these generic types do not mix with each other under Fierz rearrange-
ments and each group of terms vanish on their own. In particular, the terms
of the types (3.31) and (3.32) can be shown to vanish by expanding each
term in the co-frame basis and then using co-frame identities, taking ∗1 out
of these expressions. However, when applying the same method for terms
of the type (3.33), some simplifications occur and we obtain the following
combination:
1
µ
{
(α¯γaχ) ∧
[
3ιa ∗Dχ¯γ ∧ ∗Dχ−
3
2
∗Dχ¯ ∧ γa ∗Dχ
−
3
2
ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
]
+
3
4
∗ eab ∧ (α¯γaχ) ∧ (ιcDχ¯γbι
c ∗Dχ)
}
. (3.34)
To show that this combination vanishes we move an interior product oper-
ation in the first three terms and use the fact that a 4-form field identically
vanishes. Then the resulting combination cancels out the fourth term. Thus
the local supersymmetry of the Chern-Simons density (3.27) under the local
supersymmetry transformations (3.9) and (3.12) with m = 0 is established.
Case: m 6= 0
Now we move on to take care ofm 6= 0 terms coming from topological sector.
They explicitly read
im
2
[
ǫabc(α¯γ
cχ) + 2ea(α¯χb)
]
∧
{
2
µ
Rab −
i
2µ
ǫabd
[
χ¯ ∧ γd ∗Dχ
+χ¯ ∧ γd ∗ (γ ∧ ∗Dχ)
]}
+
2im
µ
D(α¯γ) ∧ ∗
[
Dχ+ γ ∧ ∗Dχ
]
= −
m
2µ
(α¯γaχ) ∧
[
(χ¯ ∧ γa ∗Dχ) + (χ¯ ∧ γaγbι
bDχ)
]
+
m
2µ
ǫabce
a ∧ (α¯χb)
[
(χ¯ ∧ γc ∗Dχ) + (χ¯ ∧ γcγdιdDχ)
]
−
m
µ
(α¯χa)(χ¯ ∧ γaDχ)−
m
2µ
(α¯γa ∗Dχ) ∧ (χ¯ ∧ γaχ)
−
m
2µ
(α¯γaγbιbDχ) ∧ (χ¯ ∧ γaχ) +
im
µ
ǫabc(α¯γ
cχ) ∧Rab
+
2im
µ
Dα¯ ∧ γ ∧ ∗Dχ+
2im
µ
Dα¯ ∧ γγa ∧ ιaDχ. (3.35)
To show that the right hand side of the above equality adds up to a closed
form, we will start by manipulating the very last term. Using γγa = ea +
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ǫacbebγc, we can write
2im
µ
Dα¯ ∧ γγa ∧ ιaDχ =
4im
µ
Dα¯ ∧Dχ+
2im
µ
(Dα¯γcιbaDχ) ∧ ∗e
ac ∧ eb
= d
(
4im
µ
α¯Dχ
)
−
4im
µ
α¯D2χ−
2im
µ
Dα¯γb ∗ eaιbaDχ
= d
(
4im
µ
α¯Dχ
)
−
im
µ
ǫabc(α¯γ
cχ) ∧Rab −
2im
µ
Dα¯ ∧ γ ∧ ∗Dχ. (3.36)
Above in the second equality we distributed a covariant derivative in the
first term and made use of the identity (2.14). Then in the third equality we
used the Ricci identity and (2.34) with the interior product identity (2.12).
The result (3.36) shows that the last three terms in (3.35) combine to yield
a closed form. The remaining terms of (3.35) can be brought into the form
(α¯Dχ)(χ¯χ) by Fierzing once. The resulting expression can be shown to
vanish identically after taking ∗1 out of each term. We have thus proven,
with this final observation, the local supersymmetry of the cosmological
topologically massive supergravity action (3.20).
Now we are ready to derive the complete set of field equations of cosmological
topologically massive supergravity. The field equations are read off from the
variations of the total action (3.24) and they consist of the Einstein field
equations
Ga −m
2 ∗ ea+Dλa =
i
µ
(
− ιaDχ¯ ∧ ∗Dχ+Dχ¯(ιa ∗Dχ)− ∗Dχ¯ ∧ γa ∗Dχ
+ 2(ιa ∗Dχ¯)γ ∧ ∗Dχ− 2ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
)
− i
m
4
χ¯ ∧ γaχ
(3.37)
together with the gravitino field equation
Dχ+
m
2
γ ∧ χ+
2
µ
(
D ∗Dχ+D ∗ (γ ∧ ∗Dχ)
)
−
1
2
λa ∧ γaχ = 0, (3.38)
subject to the constraint that the space-time torsion is given by
T a =
i
4
χ¯ ∧ γaχ. (3.39)
We note that the Dλa term in the Einstein field equations (3.37) is precisely
the term that produces the Cotton tensor in topologically massive gravity
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theory. It is obtained by solving the Lagrange multiplier 1-forms λa from the
connection field equations and then substituting the result back in the other
field equations. Here we do the same and solve the connection variational
field equations below algebraically for the Lagrange multiplier 1-forms:
λa ∧ eb−λb ∧ ea = 2Σab (3.40)
where
Σab = −
2
µ
Rab +
i
2µ
ǫabcχ¯ ∧ γ
c ∗ (Dχ+ γ ∧ ∗Dχ). (3.41)
The result turns out to be
λa = −
4
µ
(
Ya +
i
4
Wa
)
(3.42)
where
Ya = Rica −
1
4
Rea (3.43)
are the Schouten curvature 1-forms and
Wa = ιa ∗ (χ¯ ∧ γ)
(
∗Dχ+ ∗(γ ∧ ∗Dχ)
)
+ χ¯
(
ιa ∗
(
γ ∧ ∗Dχ+ γ ∧ ∗(γ ∧ ∗Dχ)
))
−
1
2
∗
(
χ¯ ∧ γ ∧ ∗(Dχ+ γ ∧ ∗Dχ)
)
ea, (3.44)
are the corresponding contributions coming from the fermionic sector, re-
spectively. Having obtained the solution (3.42) for Lagrange multiplier 1-
forms in hand, we can now write down the final form of the variational
field equations of cosmological topologically massive gravity. We have the
Einstein field equations
Ga −m
2 ∗ ea + i
m
4
χ¯ ∧ γaχ
−
4
µ
DYa −
i
µ
(
DWa − ιaDχ¯ ∧ ∗Dχ+Dχ¯(ιa ∗Dχ)− ∗Dχ¯ ∧ γa ∗Dχ
+ 2(ιa ∗Dχ¯)γ ∧ ∗Dχ− 2ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
)
= 0, (3.45)
coupled to the gravitino field equation
Dχ+
m
2
γ ∧ χ+
2
µ
(
D ∗Dχ+D ∗ (γ ∧ ∗Dχ) +
(
Y a +
i
4
W a
)
∧ γaχ
)
= 0,
(3.46)
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where the torsion 2-forms of space-time are
T a =
i
4
χ¯ ∧ γaχ. (3.47)
The Schouten curvature 1-forms Ya and their fermionic counterparts Wa are
given by the expressions (3.43) and (3.44), respectively.
4 Conclusion
In the present work we formulate the cosmological topologically massive
supergravity theory using a torsion-constrained first order variational for-
malism in the language of exterior differential forms on three dimensional
Riemann-Cartan space-times. In particular, we regard the connection 1-
forms as independent field variables thus treating them at the same level
as local Lorentz co-frames and the gravitino field. However, the space-time
torsion is constrained algebraically to its standard form by the method of
Lagrange multipliers. This is an essential feature of our approach giving
rise to contributions of the Lagrange multiplier fields in the final set of field
equations. We first prove the invariance of the action under infinitesimal
local supersymmetry transformations of the co-frame, connection and the
gravitino fields. This we did in explicit detail. We also present and simplify
the final set of variational field equations since the field equations in their
complete form had been lacking in the previous literature.
In particular the field equations that come from the connection variations
are solved algebraically for the Lagrange multiplier fields. We substitute
them into the coupled Einstein and Rarita-Schwinger field equations which
arise from the co-frame and gravitino field variations, respectively. The
terms that appear on their right hand sides are identified as the Cotton
2-forms and their fermionic counterpart, the so-called, Cottino 2-form. We
note that the variations of the complete Chern-Simons density imply some
further non-linear terms besides those coming from the Lagrange multipliers.
We wish to make a few remarks concerning these. We read off from the final
version of the field equations the Cotton 2-forms
Ca = DYa +
i
4
DWa −
i
4
(
ιaDχ¯ ∧ ∗Dχ−Dχ¯(ιa ∗Dχ) + ∗Dχ¯ ∧ γa ∗Dχ
− 2(ιa ∗Dχ¯)γ ∧ ∗Dχ+ 2ιaDχ¯ ∧ ∗(γ ∧ ∗Dχ)
)
, (4.1)
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and the Cottino 2-form
C = Y a ∧ γaχ+
i
4
W a ∧ γaχ+D ∗Dχ+D ∗ (γ ∧ ∗Dχ). (4.2)
Let us discuss the Cotton 2-forms first. The Cotton 2-forms that one obtains
in the formulation of topologically massive gravity theory are given by only
the first term in (4.1). The second term governs the higher order contribu-
tions in the gravitino field that is due to the fermionic part of the topological
action and contains second, fourth and sixth powers of the gravitino field.
This may be observed by separating the connection 1-forms according to
(2.5) and expanding the covariant derivatives of the gravitino field as:
Dχ = Dˆχ+
i
8
[
(χ¯aγb − χ¯bγa)χ+ χ¯aγχb
]
∧ σabχ (4.3)
where Dˆ denotes the covariant exterior derivative operation with respect to
Levi-Civita connection and the second term is the contribution of contortion.
An important feature of the Cotton 2-forms in the Riemannian case (that
is, with no torsion present in the geometry) is that they are traceless. The
trace of Cotton 2-forms can be taken by wedging them with the co-frame
from the left as follows:
ea ∧ DˆYˆa = −d(e
a ∧ Yˆa) = −d(e
abYˆa,b) = 0, (4.4)
because the components of the Schouten 1-forms are symmetric. Again,
a hat over a quantity means that it is obtained by using the Levi-Civita
connection. Of course this does not hold when there is torsion present in the
geometry, however, one is tempted to ask whether this property still holds
for the full Cotton 2-forms given by (4.1), provided we take our geometry
to be Riemannian. Unfortunately even this is not the case. The trace of the
modified Cotton 2-forms read:
ea ∧ Cˆa = e
a ∧
i
4
(
DˆWˆa + ιaDˆχ¯ ∧ ∗Dˆχ− Dˆχ¯(ιa ∗ Dˆχ) + ∗Dˆχ¯ ∧ γa ∗ Dˆχ
− 2(ιa ∗ Dˆχ¯)γ ∧ ∗Dˆχ+ 2ιaDˆχ¯ ∧ ∗(γ ∧ ∗Dˆχ)
)
= −
i
4
(
d(ea ∧ Wˆa) + Dˆχ¯ ∧ ∗Dˆχ+ ∗Dˆχ¯ ∧ γ ∧ Dˆχ
)
=
i
4
(
2d(χ¯aγaDˆχ)− 2 ∗ Dˆχ¯ ∧ γ ∧ Dˆχ− χ¯ ∧ Dˆ ∗ (Dˆχ− γ ∧ ∗Dˆχ)
)
.
(4.5)
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There are two reasons for the modified Cotton 2-forms to be not traceless.
The first and main impediment is due to the fact that the components of
the contributions {Wa = Wa,be
b} are not symmetric unlike the components
of Schouten 1-forms. Explicitly they read:
Wa,b = −
[
(χ¯kγlιlkDχ) +
1
2
ǫklm(χ¯
kιmlDχ)
]
ηab + (χ¯
kγaιbkDχ) + (χ¯
kγbιakDχ)
+
[
(χ¯kι lb Dχ) + (χ¯bι
lkDχ)
]
ǫakl + (χ¯bγ
kιkaDχ) + (χ¯
kγkιabDχ). (4.6)
In general the variation of a fermionic action with respect to the co-frame
field yields an asymmetric tensor. The asymmetry of (4.6) is an example
to this fact. The second reason is that we included the terms coming from
co-frame variation of the fermionic part of Chern-Simons 3-form. The contri-
bution of these terms to trace is the fermionic part of Chern-Simons 3-form
itself as can be seen from the second equality in (4.5). This contribution is
also asymmetric. One final remark that we will make about the modified
Cotton 2-forms is that, due to fermionic contributions they also cease to
be symmetric and divergence free when working in a Riemannian geometry.
We do not write down the divergence and anti-symmetric part of Cotton
2-forms here because their expressions are not very instructive.
The Cottino 2-form, unlike its superpartner, is not discussed abundantly in
the literature. Only in the references [19, 20], the part that is linear in the
gravitino field is discussed. It reads in a Riemannian geometry,
Cˆ = Dˆ ∗ Dˆχ+ Dˆ ∗ (γ ∧ ∗Dˆχ) + Yˆ a ∧ γaχ (4.7)
and is linear only when we are working in a Riemannian geometry. Otherwise
the full Cottino 2-form (4.2) contains terms that are to the first, third and
fifth powers in the gravitino field. Similar to the Cotton 2-forms, the higher
order contributions are encoded in the term that is proportional to {Wa}.
Again in the Riemannian context, the linear part (4.7) of Cottino 2-forms
are γ-traceless. This is the spinorial version of the Cotton tensor being
traceless. The γ-trace operation is given by wedging the Cottino 2-form
from the left with the γ-matrix valued 1-form γ = γae
a :
γ ∧ Cˆ = γ ∧ Dˆ[∗Dˆχ+ ∗(γ ∧ ∗Dˆχ)] + γ ∧ Yˆ a ∧ γa ∧ χ
= −Dˆ[γ ∧ σabγιbaDˆχ] + ǫabce
a ∧ Yˆ b ∧ γcχ
= 2Dˆ2χ− ∗ ˆRica ∧ γaχ+
Rˆ
2
∗ γ ∧ χ = 0. (4.8)
21
When showing γ-tracelessness, in the second equality we used the fact that
the connection is torsion-free together with the identity ∗Dˆχ+∗(γ∧∗Dˆχ) =
σabγιbaDˆχ and the fact that Schouten tensor is symmetric. In the final
equality we made use of the curvature identity (2.11) and the Ricci identity
(2.34). The γ-tracelessness does not hold at the presence of torsion, but we
again calculate the γ-trace of the full Cottino 2-form (4.2) when there is no
torsion. The final result is
γ ∧ Cˆ =
i
4
γ ∧ Wˆ a ∧ γaχ
=
i
4
[
1
2
ǫabc
(
γdι
abDˆχ(χ¯cχd) + ι
adDˆχ(χ¯bγdχc)
)
+
1
2
γaιabDˆχ(χ¯
bγcχc) + γ
aιbcDˆχ
(
χ¯bγaχc − χ¯aγbχc
)]
∗ 1. (4.9)
When calculating the γ-trace we opened the expression in co-frame basis and
Fierzed once to bring every term into the formDχ(χ¯χ). The expression (4.9)
shows that, like in the case of Cotton 2-forms, the contributions due to terms
{Wa} spoil the γ-tracelessness of the linear part of the Cottino 2-forms (4.2).
Finally, we wish to emphasize once again the importance of the torsion con-
straint (3.23) for our first order variational formulation of the cosmological
topologically massive supergravity theory. For instance if torsion constraint
hasn’t been imposed by the method of Lagrange multipliers, then one would
have obtained by first order variations a completely different set of field equa-
tions. In this new theory the space-time torsion would be dynamical rather
than being determined algebraically by the gravitino fields. One can see by
looking at the variation field equations that this would be the case:
Rab = Λeab −
i
µ
ǫabc
(
ιcDχ¯ ∧ ∗Dχ−Dχ¯(ιc ∗Dχ) + ∗Dχ¯ ∧ γc ∗Dχ
− 2(ιc ∗Dχ¯)γ ∧ ∗Dχ+ ιcDχ¯ ∧ ∗(γ ∧ ∗Dχ)
)
− i
m
4
ǫabcχ¯ ∧ γcχ (4.10)
T a =
i
4
χ¯ ∧ γaχ+
2
µ
ǫabcRbc +
i
µ
χ¯ ∧ γ
(
∗Dχ+ ∗(γ ∧ ∗Dχ)
)
(4.11)
Dχ+
m
2
γ ∧ χ+
2
µ
D
(
∗Dχ+ ∗(γ ∧ ∗Dχ)
)
= 0. (4.12)
This is a generalized version of our usual torsion expression (3.47) with con-
tributions coming from the topological term. Similar to what we have done
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before, it is possible to solve for the contortion 1-forms from (4.11). Then us-
ing this result, one can further solve for the supersymmetry transformation
of connection 1-forms. It is clear that this new transformation for connection
1-forms will have terms proportional to the Chern-Simons coupling constant
µ at different orders. This would be a completely different theory both at
the level of the action and with different supersymmetry transformations of
fields. At this point it is not even apparent whether this action will be in-
variant or not under supersymmetry transformations because of the highly
non-linear terms present in the expression above for the torsion.
As far as we are aware, the full set of field equations (3.45),(3.46) and (3.47)
of the cosmological topologically massive supergravity theory has not been
given explicitly before in the literature. In the references [16] and [17], the
field equations of the theory are not discussed. In [19], the Einstein field
equation is devoid of fermionic contributions and the gravitino field equa-
tion only covers the linear part (4.2) of Cottino 2-forms. Furthermore all
the equations are written in terms of Levi-Civita connection so the higher
order contributions in the gravitino field are omitted. In [20], higher order
contributions to the Einstein field equations are not explicitly given and
Cottino tensor is again given by the linear expression (4.2). The field equa-
tions are Taylor expanded to second order and the exact field equations
are not discussed. Lastly in the remaining references regarding TMS and
CTMS theories, the field equations are not discussed. In our formulation
we achieve to express the full set of field equations consistently from a vari-
ational principle. By doing so, we are able to find the contributions coming
to the Cotton and Cottino 2-forms.
The future directions that one may consider is to look further into the
fermionic Chern-Simons term and study its properties in connection to the
3D invariants of supermanifolds. This problem is ambitious but quite inter-
esting on its own. One of the other directions is that using a similar first
order constrained variational formalism, looking for formulations of other
3D supergravity theories. One important candidate may be the supersym-
metric generalisation of Minimally Massive Gravity theory [6] which solves
the bulk versus boundary clash problem. Another direction may be to con-
sider the models that generalize the CTMS model by extending the action
density [25, 26, 27] or by having extended supersymmetries [28, 29, 30] and
look for new solutions.
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